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Transformation toughening in the c-TiAl–b-Ti–V
system
Part I Finite element analysis of a crack touching the interface

M. GRUJICIC, P. DANG
Program in Materials Science and Engineering, Department of Mechanical Engineering,
241 Flour Daniel Building, Clemson University, Clemson, SC 29634—0921, USA

Atomistic simulation of transformation toughening due to martensitic transformation in

Ti—V phase particles dispersed in a c-TiAl matrix containing cracks requires knowledge of the

continuum elastic stress and displacement fields for the problem of a crack touching the c—b
interface. Because of the anisotropic characters of the two phases, analytical solutions for

these fields are not available and they must be determined numerically. In the present paper

a finite element method-based eigenanalysis is developed and subsequently applied to the

c—b system to determine the order of the stress singularity and the angular dependences of

the stress and displacement fields. These fields are subsequently used to enrich the finite

elements surrounding the crack tip and, through the use of the general finite element code

ABAQUS, to determine the generalized stress intensity factors and thus the total singular

crack-tip stress and displacement fields. It is found that there are two coupled singular terms

in the singular stress and displacement fields, and consequently pure (uniaxial) mode

I loading gives rise to mixed modes I— II near-crack-tip behaviour.
1. Introduction
c-TiAl is one of the candidate materials for high tem-
perature applications because of its attractive high
temperature mechanical properties, low density and
good oxidation resistance. Currently, however, wide
scale application of this material is limited due to its
inferior tensile ductility and toughness at temper-
atures below &600 °C. Various approaches have been
utilized, with modest success, in order to resolve this
problem. For instance: alloying is used to reduce
tetragonality of the TiAl unit cell [1], and ceramic
fibres and whiskers embedded in the c-TiAl matrix
to refine slip length [2], etc. Recently, we found
that the use of metastable Ti—V—base body centred
cubic (b.c.c.) b-phase inclusions that can undergo
a stress—strain induced martensitic transformation can
double fracture toughness of single-phase c-TiAl [3].
Microstructural analysis of partially fractured speci-
mens of c—b alloys shows that cracks preferentially
form and grow in the c-TiAl matrix and that
stress—strain induced martensitic transformation in
the b particles ahead of the advancing crack tip is the
dominant toughening mechanism. It should be noted
that similar dispersed-phase transformation toughen-
ing effects have been previously observed in high-
strength steels [4] and ceramics [5], and they are
responsible for the record fracture toughness levels
achieved in these materials.

Modelling of dispersed phase transformation
toughening is traditionally done using a continuum
0022—2461 ( 1997 Chapman & Hall
approach and phenomenological constitutive rela-
tions of materials [6]. These models, however, fail to
include short range interactions between the cracks
and the dispersed particles. Because these interactions
make major contributions to transformation toughen-
ing, continuum-based models have only limited capa-
bilities in elucidating the evolution of materials in the
region in front of the advancing crack and in predic-
ting the associated increase in toughness.

In the present two part paper, the interaction of
a crack in a c-TiAl matrix with a b-Ti—V particle at
a crack tip is analysed using molecular dynamics
atomistic simulations. Our current computational ca-
pabilities allow us to carry out such simulations using
a computation crystal containing only several thou-
sand atoms. Such an atomistic computational crystal
can be considered too small to represent the entire
physical system of interest and this problem can be
resolved by embedding the atomistic computational
crystal into a larger continuum crystal. This is typi-
cally done by replacing the effect of the continuum
crystal on the atomistic one, with a set of forces or
displacements acting on the outermost atoms in the
atomistic crystal. These forces and displacements (the
boundary conditions) are obtained by solving the as-
sociated continuum problem. Specifically, for the case
at hand, the boundary conditions require a knowledge
of the displacement and stress fields for the case of
a crack in a c-TiAl matrix touching the c—b interface.
Because the two materials are anisotropic, analytical
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solutions for the stress and displacement fields are not
available and have to be determined numerically. Nu-
merical derivation of the displacement and stress
fields, through the use of a finite element method, is
presented in Part 1 of this paper. Part 2 deals with
molecular dynamics atomistic simulations of the
evolution of materials associated with the martensitic
transformation in a b particle in front of the crack tip
and the resulting toughness enhancement.

The organization of this part is as following: In
Section 2.1, detailed derivation and application to the
c-TiAl—b—Ti—V system of a finite element procedure
for the calculation of the order of stress singularity
and angular variations of the stress and displacement
fields as presented. The procedure used to compute
the generalized stress intensity factors, and in turn,
determine the complete stress and displacement fields
is discussed in Section 2.2. The concluding remarks
are given in Section 3.

2. Discussion
2.1. Finite element derivation of singular

stress and displacement fields
2.1.1. General consideration
The problem of a crack touching the interface is a spe-
cific example of the whole class of problems associated
with the existence of a singular point (the point where
stresses become infinite in magnitude) in multi-
material wedges and junctions. For isotropic materials
and for many cases of orthotropic materials, analytical
solutions for the order of the stress singularity and
for angular variations of the stress and displacement
fields around a singular point have been derived
[7—12]. These solutions are next used to enrich the
stiffness matrix of the finite elements surrounding
a singular point and in conjunction with the standard
elements to account for specific far-field (specimen)
geometry and loading conditions [13, 14]. This pro-
cedure yields the stress intensity factors for each of the
singular terms of the stress and displacement fields
and, in turn, the total singular stress and displacement
fields.

When analytical solutions are not available for
a given combination of materials and/or for a given
type of geometrical discontinuity, as is the present
case, the finite element method can be used to numer-
ically determine the order of the stress singularity and
the angular variations of the stress and displacement
fields in the vicinity of a singular point (crack tip).
There are a number of such finite formulations, some
include direct curve fitting of the computed stress
[15], frequently combined with an iterative procedure
to obtain the convergence of the order of stress singu-
larity [16]. An alternative finite element formulation is
the eigenanalysis introduced by Bazant and Esten-
ssoro [17] and Yamada and Okumura [18], which
allows direct determination of the order of the stress
singularity and the angular variations of the stress and
displacement fields. The validity of the eigenanalysis
method was verified in [17] and [18] by applying it to
the problem of a mode I crack meeting the surface in
an isotropic material and it was shown to yield results
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Figure 1 (a) A crack in the c matrix impinging on a b-phase particle
and (b) a close-up view of the crack-tip region.

that were in excellent agreement with the analytical
solutions for this problem derived by Benthem [19].

The problem that is analysed in the present paper is
depicted in Fig. 1a. A crack in a c-matrix has
propagated under the influence of mode I loading
until its tip has made contact with a b-phase particle.
A close-up view of the crack-tip region is shown in
Fig. 1b. The objective of the present paper is to devel-
op a numerical procedure for calculating the displace-
ments and the stresses acting on the outer boundary of
the close-up region shown in Fig. 1b. To simplify the
procedure the region was assumed to be infinite in the
z-direction and also that the components of strain in
the same direction were zero (the plane strain condi-
tion). This considerably simplified the analysis of the
problem at hand by allowing it to be treated as a two-
dimensional problem.

According to Munz and Yang [20], the stress field
for a two-dimensional problem of a crack touching on
interface in a bi-material can be expressed as a sum of
terms each in the form

r
ijk

(r, h)"
K

k
r1~k

k
h
ijk

(h) i, j"r, h k"1, 2,2 ,N (1)

where the indices i and j are used to represent the
stresses r

rr
, r

rh
and rhh : r and h are the polar coordi-

nates; K is the ‘‘generalized’’ stress intensity factor; k
k

the order of the stress singularity; and h
ijk

(h) the angu-
lar stress function associated with the kth singular
term. Equation 1 shows that the stress field is singular
at the crack tip (r"0) for each real k

k
less than one. In

addition, to satisfy the condition for finiteness of the
strain energy, admissible values of k should satisfy the
condition k'0. In general one finds for a bi-material
problem two or more values of k that satisfy the
condition 0(k(1 and hence, the total singular part
of the stress field is obtained as the sum of r

ijk
(r, h)

given by Equation 1 over all such values of k
k
.

The radial and tangential displacement fields
u
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, are also given by Munz and Yang [20] as
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(h) is the angular displacement function, and

the ‘‘singular’’ portion of the displacement is obtained



Figure 2 Definition of (a) element geometry and (b) the natural
co-ordinates in a typical structure where a singular stress state
occurs.

by a summation over all j
k
which satisfy the condition

0(k(1.
As will be shown in this section, the stress singular-

ity and the angular dependences of the stress and
displacement fields, i.e. the h

ijk
(h) and f

ik
(h) functions,

can be obtained by imposing the near-field stress, and
displacement boundary and continuity conditions on
the boundaries and interfaces of the bi-crystal shown
in Fig. 1b. The stress and displacements are then
determined to within multiplicative constants, the
generalized stress intensity factors K (one for each
admissible value of 0(k(1). Evaluation of the gen-
eralized stress intensity factors is carried out in the
next section through the analysis of a global problem
that takes into account the geometry of the specimen
and the externally applied loading conditions.

The stress and the displacement fields for the prob-
lem at hand are determined using an eigenfunction
finite element formulation analogous to the one for
the inplane loading of anisotropic materials contain-
ing geometric discontinuities as originally proposed
by Yamada and Okumura [18]. When the order of the
stress singularity is real, obtaining the stress and dis-
placement fields from the formulation of Yamada and
Okumura is straightforward as will be shown here.

Fig. 2 shows a crack touching the interface in a bi-
material crystal where the stress singularity occurs at
the crack tip, O. In order to determine the order of the
stress singularity, k, and the angular variation of the
stress and displacement fields, the region surrounding
the crack tip is divided into several quadratic sector
elements, where the location of each element is defined
in polar co-ordinates by its nodes 1—3. The location of
a point, P, in the element can then be defined using the
following singular transformation [21]
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and g and n are natural co-ordinates of the elements
as defined in Fig. 2.

In accordance with Equation 2, the displacement
field in the element relative to the inplane displace-
ment of the crack tip, uN , due to inplane loads is
assumed to have the following form
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The strains are next obtained from proper differenti-
ation of the displacements, which through the use of
Equations 3—6 results in
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During the derivation of [B
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] in Equation 8 it was
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According to Equations 7 and 8 the strains, and
hence the stresses are proportional to .k~1 and thus
any k less than one gives rise to a singular stress at the
crack tip. As discussed earlier the physically admiss-
ible values of k must be greater than zero in order to
satisfy the condition for finiteness of the strain energy
and hence the admissible singular values of k are in the
range 0(k(1.

For each of the sector elements depicted in Fig. 2 to
be in equilibrium they must satisfy the principle of
virtual work, which for the plane strain case can be
expressed as
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where du and de are the virtual displacements and the
corresponding virtual strains; ¹

r
and ¹

rh
represent,

respectively, the applied normal and shear stresses at
the outer boundary of the element; uN

r0
and uN h0, the

surface displacements at r"r
0
; and t is the thickness

of the element. It should be noted here that traction on
the O1 and O3 element edges are not included in
Equation 9 because these edges are either the internal
edges in the material or they are stress-free crack faces.

Using the relations given in Equations 3—5, Equa-
tion 9 can be transformed into

P
1

~1
P

1

0

r2
0
h
s

2
(r

r
de

r
#rhdeh#s

rh
dc

rh
) t.d.dg

"r
0 P

1

~1

(¹
r
duN

r0
#¹

rh
duN h0) t dg (10)

On the element surface r"r
0

and ."1 and in ac-
cordance with Equation 6
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Using Equations 7 and 8 and the material’s consti-

tutive relation MrN"[D]MeN, where [D] is the stiffness
matrix of the material, Equation 12 after integration of
its left-hand side with respect to . becomes
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The stiffness matrix of the material is given as
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is comprised of the first row of the last row of the
matrix [D].

Equation 13 must hold for an arbitrary variation in
nodal displacement, dMuN, and hence the dMuNT term
can be eliminated from this equation, which when
written for the entire domain S (i.e. for all the ele-
ments) becomes

(k2[A]#k[B]#[C])MºM N"0 (14)
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Summation over S in Equations 15—18 implies assem-
bly of the elements into a global model. For instance
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number of sector elements and hence 2n#1 is the
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By inspection of the integrand in Equation 20, it can
be established that matrix [C] is singular, and conse-
quently the characteristic Equation 14 can be trans-
formed uniquely into the standard eigenvalue problem
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The admissible values for the order of the stress singu-
larity are obtained as eigenvalues, k, in Equation 24
that satisfy the condition 0(k(1 and the corres-
ponding nodal displacements, MºN, from the eigenvec-
tors M»M /ºM N associated with each admissible value of k.

The element matrices [k
a
], [k

Sa
], etc. in Equations

15—23 can be computed using Gaussian quadrature
numerical integration procedure with the stiffness
matrix of the material [D] and [d] being evaluated at
each Gauss point. For the inplane behaviour to be
decoupled from the antiplane behaviour, as was pos-
tulated here, the two anisotropic materials analysed
must be symmetric with respect to the z"0 plane, i.e.
they must be at least monoclinically symmetric rela-
tive to this plane. When the two materials do not
satisfy this symmetry condition, as will be shown is the



Figure 3 Reference co-ordinate systems used in the present study:
x—y are global axes in the model, 1—2 are principal axes of the
material’s orthotropy, and 1@—2@ are local axes associated with
a Gauss point.

present case, the inplane behaviour can still be separ-
ated from the antiplane behaviour provided the plane
strain condition is imposed.

For the plane strain case, the stiffness matrix at
a Gaussian point, whose polar axes 1@—2@ form an
angle, h, relative to the global x—y co-ordinate system
(as indicated in Fig. 3) is defined as
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and S
ij

represents the elements of the compliance
matrix of the material, [S], which is the inverse of the
material’s elastic constants matrix, [D].

The material’s elastic constants matrix is generally
given in the 1—2 principal co-ordinate system of mater-
ial’s orthotropy (see Fig. 3) and hence before evaluat-
ing [D] using Equation 25 one must transform [C]
into the local 1@—2@ co-ordinate system for a given
Gauss point. This transformation is straightforward
and involves the use of two rotation matrices, one
relating the 1—2 and the x—y co-ordinate systems and
the other relating the x—y and the 1@—2@ co-ordinate
systems.

When the eigenvalue k obtained by solving Equa-
tion 24 is real, the eigenvector MºM N defines the relative
inplane displacement at the nodes of these elements
where r"r

0
. Because these displacements are the

same within a constant (r/r
0
)k for any r, the r and

h-components of the eigenvector MºM N can be used to
determine the angular variation of these components
of the nodal displacements and in turn the use of
a curve fitting procedure the angular displacement
functions, f

ik
(h), Equation 2. The complete displace-
ment field can then be written as
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where n is the number of admissible eigenvalues, and
K

j
the generalized stress intensity factor correspond-

ing to the admissible order of the stress singularity, k
j
.

Knowledge of the nodal displacements, MºM N, allows
through the use of Equations 7 and 8, the determina-
tion of the strains. The stresses and their angular
variations can next be determined from the strains by
making use of the consecutive relation MrN"[D]MeN.

The procedure described in this section can be used
when the admissible orders of the stress singularity are
real. When the eigenvalues, k, are complex, the
eigenanalysis is more complicated [7]. Because com-
plex ks were not found in the present work, this case
will not be considered here.

2.1.2. Application to the c-TiAl—b-Ti—V case
The procedure developed in the previous section is
next used to determine the order of stress singularity
and the angular variations of the stress and displace-
ment fields in the c-TiAl—b-Ti—V system. In accord-
ance with the bi-material model shown in Fig. 2,
c-TiAl is defined as material 1 while b-Ti—V represents
material 2.

In its principal co-ordinate system of material’s
orthotropy, the c-phase, which has a face centred
tetragonal structure, has six non-zero independent
elastic constants: C

11
"2.28, C

12
"1.02, C

13
"1.36,

C
33
"2.78, C

44
"1.4 and C

66
"0.776 (all in

1011 Nm~2) [3]. The b-phase has a body centred
cubic structure and thus only three independent elas-
tic constants [3]: C

11
"1.121, C

12
"0.771 and

C
44
"0.885 (1011 Nm~2) [3]. As will be discussed in

Part 2 of this paper [22], the c—b interface analysed is
taken to be parallel to the closed packed planes in the
two materials and accordingly the microscopic x—y—z
co-ordinate system in Fig. 3, has the following rela-
tions to the crystallographic orientation of the two
materials

x E [1 1 1]c E [11 1 0]b

y E [0 11 1]c E [0 0 1]b

z E [2 11 11 ]c E [1 1 0]b

As explained earlier, the elastic stiffness matrices in the
x—y—z co-ordinate systems can be readily obtained
through the use of appropriate rotation matrices relat-
ing this co-ordinate system with the principal co-ordi-
nate systems in the two structures.

The eigenvalue Equation 24 was found in the pres-
ent case to yield two values of j in the range
0(k(1. These values are shown in Table I. The
accuracy of the solutions obtained is primarily affec-
ted by two factors: (a) the number of sector elements in
the model and (b) the number of Gauss points used
during the evaluation of the element’s stiffness ma-
trices. The former effect is due to the finite element
discretization of the region studied, while the latter
effect stems from the fact that due to the anisotropic
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TABLE I The orders of the stress singularity, k, for the c-TiAl1b-Ti—V case

No. of elements Mode A Mode B
in the model

No. of Gauss points No. of Gauss points

3 4 5 3 4 5

4 — — 0.50630 — — 0.46420
8 — — 0.47911 — — 0.42630

16 0.48085 0.47934 0.47887 0.41332 0.41233 0.41150
20 0.48097 0.47905 0.47885 0.41291 0.41230 0.41138
Figure 4 Displacement fields for the c-TiAl—b-Ti—V case: (a) model
A, A"0.4788, angular dependence of displacement normalized
with respect to hhh (h"0); and (b) mode B, B"0.4113, angular
dependence of displacement normalized with respect to hrh (h"0):
(d) u

r
, (s) uh .

nature of the materials used, the local properties of the
materials are not constant over the element and hence
the Gaussian quadrature method fails to evaluate the
element stiffness matrices exactly.

The results shown in Table I indicate that with
a model that is large enough (20 elements or larger),
the order of Gaussian quadrature does not signifi-
cantly affect the results. Therefore, for computational
efficiency, all the subsequent calculations were done
using five integration points per element.
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Figure 5 Singular stress fields for the c-TiAl—b-Ti—V case: (a) mode
A, k

A
"0.4788, angular dependence of displacement normalized

with respect to hhh (h"0); and (b) mode B, k
B
"0.4113, angular

dependence of displacement normalized with respect to hrh (h"0).

Fig. 4a and b shows the angular variations of the
tangential and the radial displacements associated
with the two values of k. It should be noted that for the
pure mode I case, the radial displacement is an even
function of h and the tangential displacement is an
odd function of h. Similarly, for the pure mode II case
the tangential displacement is an even function of
h and the radial displacement is an odd function
of h. A brief analysis of the results shown in Fig. 4a
and b suggests that the two displacement fields are
neither pure mode I nor pure mode II. The displace-
ment field associated with k"0.4788, named mode A,
is more ‘‘mode I like’’, while the displacement field



associated with k"0.4113, name mode B, is more
‘‘mode II like’’.

The angular dependences of the inplane stresses,
r
rr
, r

rh
and rhh , for the two modes are shown in Fig.

5a and b. The lack of symmetry in the stress functions
relative to h"0 further confirms that the two modes
at hand are neither pure mode I nor mode II. As
discussed earlier, the displacement and the stress data
shown in Figs 4 and 5 are known within multiplicative
constants, the generalized stress intensity factors. It
should be noted that, for convenience, the results
shown in Fig. 4 and 5 were scaled in such a way that
for the mode A, which is mode I like, hhh (h"0)"1,
and for mode B, which is mode II like, h

rh
(h"0)"1,

Evaluation of the stress intensity factors is presented
in the next section.

2.2. Enriched finite element computation of
generalized stress intensity factors

2.2.1. General considerations
To include the effect of the stress singularity at the
crack tip into the finite element computation of the
generalized stress intensity factors for the case of
a crack touching an interface, the region around the
crack tip should be analysed using the so called ‘‘en-
riched’’ quadrilateral elements as initially proposed by
Benzley [23]. The effect of the stress singularity at the
crack tip is included into the enriched elements by
adding to the standard quadratic element displace-
ment interpolation functions the terms that give the
proper singularity at the node, which coincide with the
crack tip as follows

u (n, g)"a
1
#a

2
n#a

3
g#a

4
n2#a

5
ng#a

6
g2

#a
7
n2g#a

8
ng2#K

A
F
Au

(., h)

#K
B
F
Bu

(., h) (28)

and v(n, g) can be expressed using an analogous equa-
tion, where u(n, g) and v(n, g) are the x- and y-compo-
nents of the displacement with the element, and n and
g are the natural element co-ordinates.

Eight a coefficients in Equation 28, can be deter-
mined by evaluating this equation at each of the eight
nodes of a given quadratic quadrilateral element. This
procedure yields a system of eight linear algebraic
equations with eight (a) unknowns in terms of the
corresponding eight nodal displacements (u

i
or v

i
) and

the two generalized stress intensity factors, K
A

and
K

B
. After solving this system of equations for a and

substituting a into Equation 28 one obtains the fol-
lowing expressions for the inplane displacements, (u, v)

u(n, g)"
m
+
i/1

N
i
(n, g)u

i

#K
A
Z(n, g) CFAu

(n, g)!
m
+
j/1

N
j
(n, g)F

AujD
#K

B
Z(n, g)CFBu(n, g)!

m
+
j/1

N
j
(n, g)F

BujD
(29)
v(n, g)"
m
+
i/1

N
i
(n, g)v

i

#K
A
Z(n, g) CFAv

(n, g)!
m
+
j/1

N
j
(n, g)F

AvjD
#K

B
Z(n, g)CFBv(n, g)!

m
+
j/1

N
j
(n, g)F

BvjD
(30)

where N
i
are the usual quadratic polynomial interpo-

lation functions expressed in terms of the natural
element co-ordinates, n and g, and the summation is
taken over all m nodes of a given element. For
isoparametric quadratic quadrilateral elements used
in the present case m"8. The ‘‘zeroing’’ function
Z(n, g) is added in Equations 29 and 30 to obtain the
required compatibility between the enriched elements
surrounding the crack tip and the regular elements
surrounding the enriched elements. This function is
equal to unity for the enriched elements, and zero for
the regular elements. To obtain the necessary interele-
ment compatibility between the enriched and the
regular elements, ‘‘transition’’ elements had to be in-
troduced in which the zeroing function, Z(n, g), varied
between one and zero. Any zeroing function used
must be unity along the boundaries of the transi-
tion elements that are in contact with the enriched
elements and zero on the edges of the elements that
are in contact with the regular elements. The specific
choice of Z(n, g) for a given transition element
depends on whether an entire edge or a single corner
node of the transition element is in contact with the
enriched elements surrounding the crack tip. In the
present work the following form of Z(n, g) was
used [7, 8]

Z(n, g)"G
1
4
(1$n) (1$g): zeroing from corner node

1
2
(1$n): zeroing from element edge

1
2
(1$g): zeroing from element edge

(31)

Functions F
Au

, F
Av

, F
Bu

and F
Bv

in Equations 29 and 30
are the coefficients of the stress intensity factors K

A
and

K
B

in the expressions for the x- and y-components of
the singular displacement field. In other words

F
Au

(r, h)"rk
A[ f

Ar
(h) cos(h)!f

Ah (h) sin(h)]

F
Bu

(r, h)"rk
B[ f

Br
(h) cos(h)!f

Bh (h) sin(h)]

F
Av

(r, h)"rk
A[ f

Ar
(h) sin(h)#f

Ah (h) cos(h)]

F
Bv

(r, h)"rk
B[ f

Br
(h) sin(h)#f

Bh (h) cos(h)] (32)

F
Auj

, F
Avj

, F
Buj

and F
Bvj

are the asymptotic displacement
functions given in Equation 32 evaluated at the jth
node.

Using the relations r"(x2#y2)1@2 and h"
tan~1(y/x), functions F

Au
, F

Av
, F

Bu
and F

Bv
can be ex-

pressed in terms of the Cartesian co-ordinates x and y.
For the isoparametric elements used here the
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co-ordinates of a point inside the element are given in
terms of the nodal co-ordinates x

i
and y

i
as

x"
m
+
i/1

N
i
(n, g)x

i
(33)

y"
m
+
i/1

N
i
(n, g)y

i
(34)

Using Equations 33 and 34, functions F
Au

, F
Av

,
F
Bu

and F
Bv

can be expressed in terms of the natural
co-ordinates n and g.

A careful analysis of Equations 29 and 30 shows that
in order to determine the total displacement field in
each of the elements around the crack field one must
evaluate 2m nodal displacements (u

i
, v

i
; i"1,2,m)

and two stress intensity factors K
A

and K
B
.

For the plane strain condition, the strain components
of the element are obtained by differentiating Equations
29 and 30 as follows

e
x
"

u(n, g)

x
"

u(n, g)

n

n

x
#

u(n, g)

g

g

x

e
y
"

v(n, g)

y
"

v (n, g)

n

n

y
#

v(n, g)

g

g

y

c
xy
"

u(n, g)

y
#

v(n, g)

x

"

u (n, g)

n

n

y
#

u (n, g)

g

n

y

#

v(n, g)

n

n

x
#

v(n, g)

g

g

x
(35)

Using the matrix notation, the element’s strain compo-
nents given in Equation 35 can be expressed as

MeN"[BM ]MbN (36)

where

MeNT"Me
x
e
y
c
xy

N

MbNT"Mu
1
v
1
u
2
v
2
,2, u

m
v
m
K

A
K

B
N

and [BM ] is of the order of [3](2m#2)] and its ele-
ments are comprised of the partial derivatives appear-
ing on the right-hand side of Equation 35.

The partial derivations indicated in Equation 35 can
be determined following the standard chain rule for
partial differentiation of a function, /(n, g)

G
/(n, g)

n

/(n, g)

g H"
x

n

y

n

x

g
y

g

/(n, g)

x

/(n, g)

y

"[J]

/(n, g)

x

/(n, g)

y

(37)

Equation 37 can next be inverted to yield
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Based on Equations 33 and 34 the Jacobian matrix,
[J], can be written as

From Equations 35, 36, 38 and 39, it is evident that
matrix [BM ] can be expressed in terms of

/(n, g)

x

/(n, g)

y

"[J]~1G
/(n, g)

n

/(n, g)

g H (38)

[J]"

N
1

n

N
2

n
2

N
m

n
N

1
g

N
2

g
2

N
m

g

x
1

x
2
F

x
m

y
1

y
2
F

y
m

(39)

the natural co-ordinates n and g alone. Matrix [BM ]
along with the material’s constitutive relation,
MrN"[D]MeN, can next be used in the standard virtual
work expression analogous to the one given in Equa-
tion 9, to determine the enriched (transition) element
stiffness matrix, [k],

[k]"P)BM T[D][BM ] d)

"P
1

~1
P

1

~1

BM T[D][BM ] det[J] tdndg (40)

where ) and t are, respectively the element volume
and thickness. Based on Equation 36, it can be seen
that [k] is a [(2m#2)](2m#2)] square matrix that
has the following form

[k]

[k11] F [k12]
(2m]2m) F (2m]2)

- - - - - - - - - F - - - - - - - -
[k21] F [k22]

(2]2m) F (2]2)

(41)

where matrix [k11] is identical to the stiffness matrix
for a regular quadratic quadrilateral element,
[k12]"[k21]T contains the contribution of both the
regular and the enriched parts of Equations 29 and 30,
and [k22] contains only the contribution of the
enriched parts of Equations 29 and 30.

The integration indicated in Equation 40 can be
done using the Gaussian quadrature procedure

[k]"
NPQ
+
I/1

NPQ
+

J/1

F (n
I
, g

J
)¼

I
¼

J
(42)

where NPQ is the number of Gaussian integration
points; F (n, g)"[BM ]T[D][BM ] det[J] t is the integ-
rand in Equation 40; n

I
, g

I
and ¼

I
, ¼

J
are the

Gaussian points and the corresponding weighting fac-
tors. It should be noted that because of strain singular-
ity at the crack tip, to compute the stiffness matrix of
the enriched elements accurately a higher order integ-
ration (large NPQ) is required. For the c—b case
analysed in the next section, we found that the conver-
gence of the solution was met for NPQ*16. Equation
42 can then be used to evaluate the stiffness matrix for
each element, enriched, transition or regular, in the
model. Once the element’s stiffness matrices are deter-
mined they can be assembled into a global stiffness
matrix of the system being analysed. Solution of



Figure 6 Geometry and schematic of the finite element model used
to determine the generalized stress intensity factors for the
c-TiAl—b-Ti—V case.

T A B L E I I The effect of the specimen geometry on the magni-
tude of the generalized stress intensity factors

Case a Case b Case c Case d

w/d 30/2 30/4 30/6 30/8
l/d 150/2 150/4 150/6 150/8
K

A
, MPa lm0.47885 1.970 1.980 1.990 1.990

K
B
, MPa lm0.41138 0.170 0.180 0.180 0.180

K
B
/K

A
, lm~0.06747 0.086 0.091 0.094 0.094

the global finite problem then yields the values for the
unknowns in the system, that is the nodal displace-
ments, u

1
, v

1
,2 , and the two generalized stress

intensity factors, K
A

and K
B
.

2.2.2. Application to the c-TiAl—b-Ti—V
system

Before proceeding with the calculation of the general-
ized stress intensity factors, K

A
and K

B
, the problem

of a crack in the c-TiAl matrix impinging on a b-phase
particle, Fig. 1a, is first reduced to a simpler case of
a layered c—b composite with broken laminates of the
c-phase under constant remote displacement loading
in the y-direction as shown in Fig. 6a. One may argue
that the two configurations, the one shown in Fig. 1a
and the one shown in Fig. 6a, are quite different. While
this may be the case, our main objective here was to
assess, in a time-efficient fashion, the approximate
range of the relative contributions of the two singular
terms. The geometry of the specimen and the loading
conditions used in the finite element analysis are
shown in Fig. 6b. To assess the effect of the speci-
men geometry on the relative magnitude of the gener-
alized stress intensity factors, the width, w, and the
length, l, of the specimen were varied relative to the
sizes of the enriched—transition regions, d, as indicated
in Table II.

The entire computational region was divided into
4500 quadrilateral elements of the same size. Four
sizes of the enriched—transition regions, d, were inves-
tigated: (a) the region containing four enriched and 12
transition elements, (b) 16 enriched and 20 transition
elements, (c) 36 enriched and 28 transition elements,
and (d) 64 enriched and 36 transition elements. The
remaining elements in the model were the standard
quadratic quadrilateral elements. The assembly and
the solution of the present enriched element problem
was done using the general purpose finite element
code ABAQUS [24]. ABAQUS allows the user
through a USER ELEMENT option to specify the
stiffness matrix of each of the enriched and the
transition elements used.

The results obtained for the four sizes of the en-
riched—transition zones are summarized in Table II.
These results reveal at least three main features of the
problem at hand:

1. There is strong coupling between the two singu-
lar terms: i.e. even though only mode I loading was
applied, both mode I like, mode A, and mode II
like, mode B, stress and displacement fields are
activated. This finding is in sharp contrast to the case
of a crack touching the interface of two isotropic
materials where the two modes, mode I and mode II,
are completely decoupled and mode I loading gives
rise only to mode I singular stress and displacement
fields [25].

2. For the specimen geometry used, the extent of
coupling is not significantly affected by the dimensions
of the specimen Table II. This finding is apparently
related to the results in Table I that show two distinct
values for the orders of stress singularity, in sharp
contrast to the case of a crack touching the interface of
two isotropic materials where one finds a double root
for the order of stress singularity, i.e. k

1
"k

2
.

3. For the given specimen geometry, l/d"5, con-
vergence of the calculated generalized stress intensity
factors is achieved when the sizes of the enriched—
transition regions are larger than approximately
d"6w/30.

The results for K
A

and K
B
from Table II, along with

the stress singularity data, Table I, and the angular
dependence functions shown in Figs 4 and 5 and
Equations 1 and 2 will be used in Part 2 of this paper
[24], to prescribe the displacement and/or stress
boundary conditions in the atomistic simulation study
of crack tip martensitic transformation in the
c-TiAl—b-Ti—V system.

3. Conclusions
The main findings obtained in the present work can
be summarized as follows. The singular stress field
associated with a crack touching the interface between
two anisotropic materials, such as c-TiAl and b-Ti—V,
contains two terms. The terms have distinct orders
of stress singularity. In general, the stress and dis-
placement fields have a lack of symmetry so that
they have neither pure mode I nor pure mode II
characters. Lastly, the two terms are coupled and
each make significant contributions to the singular
stress and displacement fields even under simple
loading conditions, such as uniaxial mode I
loading.
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